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ABSTRACT

In modeling the interior of cells by simulating a reaction-diffusion master equation over a grid of compartments, one employs the
assumption that the copy numbers of various chemical species are small, discrete quantities. We show that, in this case, textbook expres-
sions for the change in Gibbs free energy accompanying a chemical reaction or diffusion between adjacent compartments are inaccu-
rate. We derive exact expressions for these free energy changes for the case of discrete copy numbers and show how these expressions
reduce to traditional expressions under a series of successive approximations leveraging the relative sizes of the stoichiometric coefficients
and the copy numbers of the solutes and solvent. Numerical results are presented to corroborate the claim that if the copy numbers
are treated as discrete quantities, then only these more accurate expressions lead to correct behavior. Thus, the newly derived expres-
sions are critical for correctly computing entropy production in mesoscopic simulations based on the reaction-diffusion master equation
formalism.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5140980

I. INTRODUCTION where M and D represent operators describing chemical reac-
tions and inter-compartment diffusion, respectively.” An in-depth
description of the RDME approach can be found in Refs. 3 and 4,
where the forms of the operators are discussed. Rather than directly
solving Eq. (1), one often simulates trajectories of the vector N
obeying the stochastic dynamics encoded in the RDME using a
variant of the Gillespie algorithm.” The sizes of the compartments
are commonly determined by the Kuramoto lengths, the mean free
diffusional path for a species before it participates in a chemical
reaction. Within each compartment, the spatial distributions of the
reacting species are assumed to be homogeneous, allowing the use
of mass-action kinetics with the compartment’s local values of the
species’ concentrations to describe the stochastic chemical reac-
tion propensities. Molecules can additionally jump between adja-
cent compartments in “diffusion events” (whose propensities also

In recent years, the coarse-grained computational modeling
of intracellular environments has enjoyed significant advances. An
important paradigm shared by many such models is to treat the
evolution of reacting chemical species’ copy numbers and spatial
distributions by simulating a reaction-diffusion master equation
(RDME)." In this approach, the system volume is divided into com-
partments, each with local values of the copy numbers and chemical
potentials of the different chemical species (Fig. 1). The RDME is
a differential equation describing the evolution of the probability
P(N,t) of observing the vector of copy numbers N = {Nj4 }icr,ac0
of chemical species i in compartment A at time ¢, where L is the set
of solute species and Q is the set of compartments in the system. The
RDME can be written schematically as

ZY1€G:€T €202 Joquisides €2

dP(N, t N ) . :
(N, 1) _ ( N+ D) P(N, 1), 1) d.epen.d on the compe.irtments. local concentrations of species) to
dt give rise to concentration gradients on the scale of the compartment
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FIG. 1. An example of a cubic compartment grid used in the simulation of a RDME.
Each compartment, labeled with letters A, B, . . ., has local values of the quantities
Nr, Ng, referring to the copy numbers of the red and green molecules in the com-
partment, and of yg, ug, referring to the chemical potentials of those molecules.
Molecules can react with each other within compartments (long dashed arrow), as
well as hop between adjacent compartments, representing diffusion (short dashed
arrow).

length. This modeling approach is appropriate when the Kuramoto
length is small compared to the system size (i.e., the assumption
of homogeneity over the system volume fails), yet large compared
to the intermolecular distance scale.' Examples of simulation plat-
forms based on such an approach include Virtual Cell,”” lattice
microbes,”” MesoRD,'” MEDYAN (Mechanochemical Dynamics of
Active Networks),'""'” and others."” "

One important aspect of simulating non-equilibrium biological
systems is the computation of thermodynamic forces that drive the
observed flux on the network of chemical reactions.'” *’ Determin-
ing these forces can allow for the quantification of entropy produc-
tion in chemically reactive systems.”"”” In several research groups,
measuring entropy production in biological active matter has been
a recent goal.r"l4 For instance, in recent work, we quantified the
entropy production rates of self-organizing non-equilibrium acto-
myosin networks in MEDYAN using the expressions derived here as
a first step.'” The ability to measure dissipation in active matter sys-
tems will allow us to test the applicability of different physical orga-
nizing principles relating the production of entropy to the likelihood
of observing certain trajectories.“r“:(’ For isothermal, isobaric, chem-
ically reactive solutions, which include most mesoscopic biological
systems, measuring the total entropy production amounts to deter-
mining the change in Gibbs free energy that accompanies chemical
reactions and diffusion down concentration gradients.” >’ A ubig-
uitous textbook expression for the change in Gibbs free energy G
accompanying a chemical reaction is

AG = kpTlogKeq + ksTlog Q, (2)

where K., is the equilibrium constant, Q is the reaction quotient (we
give definitions of these quantities below), kg is Boltzmann’s con-
stant, and T is the temperature.m’“ At equilibrium, Q = K;ql, and
as a result, AG = 0. However, in this paper, we argue that Eq. (2)
is a biased approximation to the exact value of AG accompanying a
chemical reaction that holds when the copy numbers of the react-
ing molecules are large, such as on the order of Avogadro’s number.
When the system is small, such as when copy numbers are on the
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order of 100 as is often the case in RDME simulations of intracellular
environments, thermodynamic expressions such as Eq. (2) require
corrections.””’

As a simple motivating example, consider a mixture of an even
total number of two chemical species, red and green, which inter-
convert at equal rates. At equilibrium, the copy numbers of these
molecules will be equal, and Q = K;; = 1. Now, if a reaction were to
occur at equilibrium to produce one additional red molecule and to
eliminate one green molecule. Then we would expect that the Gibbs
free energy of the system had increased, since we have left equi-
librium where the free energy attains its minimum. However, the
prediction of Eq. (2) is that AG = 0 for this reaction. The assump-
tion whose violation leads to Eq. (2) being incorrect is that the copy
number of chemical species is a continuous quantity. When these
variables are considered as discrete, a different expression for AG
must be used to give correct behavior.

Similarly, for diffusion between adjacent compartments, a com-
mon expression for the change in Gibbs free energy accompanying
the jump of a molecule i from compartment A with copy number
Ni 4 to compartment B, where its copy number is N p, is

AG = kgTlog gi’B . (3)

A

Imagine, however, we have a situation where N; 4 = N;p and a
molecule jumps from compartment A to B. The Gibbs free energy
should have increased since we have departed from the highest
entropy distribution of the molecules over the two compartments;
however, Eq. (3) will predict that AG = 0.

In this paper, we derive exact expressions for the change in
Gibbs free energy accompanying chemical reactions within com-
partments and diffusion events between compartments, and we
further show how these expressions relate to the familiar text-
book formulas [Egs. (2) and (3)] through a series of approxi-
mations. We also discuss the assumptions involved in defining
the Gibbs free energy of a grid of homogeneously mixed com-
partments that can exchange energy and particles, such as that
used in a simulation of a RDME. Finally, we present numeri-
cal simulations using MEDYAN to demonstrate the need to use
these more exact expressions for AG in order to obtain sensible
results when copy numbers are treated as discrete variables. Only
these more exact expressions will give correct, unbiased behavior
when measuring entropy production in mesoscopic in silico stud-
ies of biological non-equilibrium systems that rely on the RDME
formalism.

Il. METHODS
A. AG of reactions

Here, we make successive approximations to the formula for
AG accompanying a chemical reaction, and our notation reflects
the level of approximation in which certain quantities are being
used: when appropriate, we subscript quantities with a parenthe-
sized number, i.e., AG(g), where increasing numbers represent more
approximate versions. The symbol ~ will indicate that the quan-
tities of chemical species are being represented by mole fractions
Xi»> rather than concentrations C;. In this section, we treat the case
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that our system comprises a single closed compartment of a homo-
geneous dilute solution in which a chemical reaction has occurred,
and we derive an expression for AG. In this system, the number
of solvent molecules is fixed and the solute molecules participate
in chemical reactions, causing their copy numbers to change. In
Secs. II B and II C, we consider a system with multiple weakly
interacting compartments (which may, in general, comprise an
irregular grid rather than the regular Cartesian grid visualized in
Fig. 1), each of which contains a homogeneous solution with local
copy numbers of solvent and solutes and between which both sol-
vent and solutes can diffuse. The nearly exact result [Eq. (21)]
obtained in this section will also apply to those systems, as we
argue below.

Before restricting to the case of a single closed compartment,
we establish notation for properties of the chemical species in a
compartment grid. The chemical potential for species i in com-
partment A can be expressed as depending either upon the mole
fraction, yi a, or upon the concentration, Cj 4, of that species in the
compartment,

Uia = ’;E)(T,p) + kBTlOgX,‘,A = ‘Ll?(T,p) + kBTIOg C,‘)A, (4)

where kp is Boltzmann’s constant, u?(T,p) is the standard state
chemical potential at temperature T and pressure p when working
with the dimensionless x; 4, and /,t?(T, p) is the same when work-
ing with C;j 4. Ci 4 and y; 4 both play the role of the “composition
variable” leading to these different, yet equivalent expressions for
the chemical potential.”* We make the distinction between depen-
dence upon copy number and dependence upon concentration in
order to establish parameters that can be used in simulation, which
commonly works with copy numbers, based on those given in the
literature, which typically use units of concentration. Here, we make
the assumption of an ideal-dilute solution and neglect the coeffi-
cient of activity of the solute species.”’ The mole fraction can be
written as

Nia  Nia
Na ZjeM Nj,A ’
where Ny is the total copy number of molecules in compartment A

and M is the set of all species including the solvent in the system.
Similarly, the concentration can be written as

XiA = (5)

Nia

Cia = ,
A N

(6)
where
©4 = NayVa (7)

is a conversion factor, Nay is Avogadro’s number, and V4 is the
compartment volume (we assume constant pressure and that the
fluctuations in volume are negligible for these liquid systems, allow-
ing t%le use of Gibbs free energy). Using Eqs. (4)-(6), we can
write"’

~ N,
#(T.p) = (T.p) + kaTlog . ®)

Using standard arguments concerning thermodynamic exten-
sivity, it is possible to establish that the Gibbs free energy of the
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solution in compartment A can be written as a weighted sum over
the chemical potentials of the species,

Ga(Na) = > Niapia(xia)s ©)]
ieM
where N4 = {Nja }iem is the vector of species copy numbers Nj 4,
and where we have explicitly indicated the dependency of y; 4 upon
mole fraction ;4 via Eq. (5).**! One may be concerned that Eq. (9)
fails to apply when the copy numbers of solutes are small. As
explained below, we make the assumption that boundary effects are
still negligible, which allows us to treat G as a first order homoge-
neous function of the number of copies of the system.” This is the
necessary property to establish Eq. (9), so the small copy numbers of
solutes do not render this approach invalid. We rely on Egs. (4) and
(9) to derive changes in Gibbs free energy accompanying chemical
reactions and inter-compartment diffusion.
Consider a reaction of the general form

V1X1+V2X2+"'%U]Y1+U2Y2+"', (10)
where X; represent reactants, Yj represent products, y; and vj are
stoichiometric coefficients, and the rate of reaction is k. to the right
and k_ to the left. We have dropped the subscript A indicating the
compartment in which the reaction takes place and now restrict to
the case that our system is a single compartment. When this reac-
tion has occurred once to the right, the copy numbers of reactants
have changed N; - N; — v; and those of the products have changed
Nj = Nj + vj. We calculate the change in Gibbs free energy accom-
panying this reaction by considering it as resulting from these finite,
discrete changes in copy numbers,”” not from infinitesimal changes.
Using Eqs. (4), (5), and (9), the Gibbs free energy before the reaction
has occurred can be written as

initia 3 Ni " Nj
Ginitial _ ZNi(#? +kgTlog ﬁ) + ZN](;A]O +kpTlog ﬁ])

ieR jepP
— N,
+ Ns(y?*+kBTlog ﬁ)’ (11)

where R is the set of reactants, P is the set of products, the subscript s
refers to the solvent, and where we have dropped the dependence of
the standard state chemical potential on T and p. ¢ and ‘u}’ describe
the chemical potential at a reference concentration of the solute in
thj solvent (also referred to as the solute standard state), whereas
u?* describes the chemical potential at a reference state of pure sol-
vent (also referred to as the solvent standard state).” We assume
here, for simplicity and without loss of generality, that there are no
solute species that have not participated in the reaction (i.e., spec-
tator solute species). These species would also contribute terms to
Eq. (11), but when we subtract the initial from the final Gibbs free
energy, their inclusion would not yield a different result. The final
Gibbs free energy is

final ~ N;—v;
G SN — vi) (0 + ks T )
SN =) (4l + kaTlog 3

i€eR
~ N; +v;
N;+ ;)[40 + kgTlog =2 ’)
+,~EZP( J+vj)(#]+ pTlog
— N
Ni| p%* + kpT1 : ) 12
" (M T ogN+a (12)
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where

o=>v-> v (13)

jepP ieR

which is the amount by which the total species copy number N has
changed. As described in Refs. 38 and 42, when ¢ # 0, it is important
to account for the solvent species in the calculation of free energy
differences. This is because the free energy of the solvent, which
is the most abundant species in the reaction volume, will not be
the same after the reaction has taken place since its mole fraction
will change as N changes to N + 0. Neglecting the solvent species
when o # 0 leads to expressions for AG that are off by an amount
okpT.”® Whereas the authors of Refs. 38 and 42 describe the appear-
ance of this erroneous term while formulating the Gibbs free energy
as a function of a continuous degree of advancement of reaction
dé = —dN;/v; = dN i/vj, here we treat the extent of reaction as a dis-
crete quantity. In the limit that v;/N; — 0, v;/N; — 0 for each reactant
and product, the discrete case passes into the continuum case; how-
ever, under the assumption of small copy numbers, we do not satisfy
this limit. In Appendix A, we discuss further differences between
the continuum treatment and the discrete treatment, as well as the
relation to the Gibbs-Duhem equation.

After some algebra (using the fact that };erN; + X jepN;
+ N, = N), we can write the change in Gibbs free energy as

it _ N;i — v )Nivi
AGy = G™ — G™ = AG® + ks Tlog [ | Wizv) " VN)
ieR N;*
N: + v Nj+v; NN
< ] o Ubfl) —, (14)
jeP N; ! (N +a)N+o
where
AGY = Zvjy]o = il (15)
jeP JjER

Equation (14) is exact, but we would like to avoid specifying N in
simulation since the solvent is typically not modeled explicitly, as we
elaborate on in Sec. 11 B. We would also like to determine AG? from
literature values of AG. To these ends, we first rewrite Eq. (14) as

AG(p) = AG® + kpTlog Qo) + ks T log ﬁ (16)
where
6(0) _ g (N; _1\;;_11.)1\7,-—11, JIJP (N; ¥&>M+UJ a7)
From Egs. (8) and (15), we can write
AGO :AGO+okBTlogg, (18)
where
AG = v = Y v (19)

jepP jeR
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Inserting this into Eq. (16), we have

NN

(N + oyt Tlog Q)

0 N\’
AG(O) =AG +kBT10g(6)

0 N N+o -
=AG —ak3T10g®+kBTlog(m) +kgTlog Qo).
(20)

We now make the approximation that N > ¢, which is certainly
reasonable for most realistic parameterizations of the compartment
grid (in the example of a 0.125 um® compartment filled with water,
N ~ 10° while ¢ ~ 1). With this, we can write the third term in
Eq. (20) as —okgT," giving

AG(1) = AG’ — 0ksTlog® — oksT + ksTlog Qry,  (21)

where 6(1) = 6(0) (we updated the subscript to indicate the use
of this quantity in a more approximate version of the formula for
AG). We recommend using Eq. (21) in simulation because it allows
us to incorporate literature values for AG® and avoids specification
of N. To understand the term —okpT in Eq. (21) and to under-
stand the relationship between Egs. (21) and (16) and the textbook
expression for AG, we proceed by making further approximations
leveraging the large sizes of the solute copy numbers compared to
their stoichiometric coefficients. First, we rewrite 6(1) as

~ vi \ N ) v; N; ‘
Q(I)ZH(I_ﬁ) (N,-—v,») 'H(li—ﬁj) (Nj+vj)vf. (22)
ieR i jeP J

Assuming N; > v; and N; > vj, and using the limit

lim (uz) =¥, 23)
X—>00 X
we obtain
ksTlog Q1) ~ oksT + ks Tlog [T(Ni — vi) " [T(N; +vj)". (24)
ieR jepP

Inserting this into Eq. (21), canceling the term okgT, gives

AG(Z) = AGO - O‘kBTlOg® + kBTIOg 6(2), (25)
where
6(2) = H(N, — Vi)iv' H(N, + Uj)v’. (26)
i€eR jepP

Finally, introducing
Qe =TINTIN @)
ieR jepP

and discarding terms in AG(y) that scale like - or %, we arrive at
i '

AG(sy = AG® - 0ksTlog® + ks Tlog Q) = AG’ + ks Tlog Q, (28)
where

Q=TIC¢"]I cj”f. (29)

i€eR jep

We see that Eq. (28) is obtained from Eq. (25) upon making the
approximations N; — v; # N; and Nj + v; ~ Nj. This final result in
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Eq. (28) is a standard textbook expression for the change in Gibbs
free energy.”’
We, thus, have four expressions for AG of chemical reactions:

e Equation (14) for AG(g) is exact; however, it requires speci-
fying N.

e Equation (21) for AG(;) uses the approximation N > ¢. We
recommend the use of this expression because it is the most
exact expression for which we need not specify N, and since
it is written in terms of AG’, for which literature values can
be found.

e Equation (25) for AG(,) uses the approximations N; > v; and
Nj > v

o Equation (28) for AG(3) uses the approximations N; > v; and
Nj > vj again.

In Appendix B, we provide expressions for the accuracy of these
approximations. Note that, without specifying the copy number of
solvents N, we can only approximately compute changes in Gibbs
free energy, not the instantaneous Gibbs free energy of the system.
Typically, only the changes are of interest.

The definition of Gibbs free energy states that

AG = AH — TAS. (30)
Comparing this expression to Eq. (28), we identify
AG’ = AH - TAS" (31)
and
~TASmix = kpTlog Q, (32)

where AH is the enthalpy of reaction, and AS” and ASyix represent
the changes in entropy due to the molecular conformations and the
translational motions, respectively,

AS = AS” + ASmix. (33)

It is instructive to realize that the discrepancies between the vari-
ous expressions for AG are due to how the ASy;x term in Eq. (33) is
written.

When employing any of the above expressions that involve
the logarithms of products of copy numbers that are raised to
the power of other copy numbers, we recommend splitting the
logarithm of products into a sum of logarithms as well as using
logx” = ylog x in order to prevent overflow resulting from comput-
ing very large numbers. The results of this section do not assume
a system consisting of multiple, weakly interacting compartments,
which we discuss next.

B. Thermodynamics of a reaction-diffusion
compartment grid

Now that we have treated the scenario of a reaction event
occurring within a single compartment, we want to generalize
to the case of a grid of compartments. For this, we develop an
argument based on timescales that will allow us to track the copy
numbers of the reactive solutes while ignoring those of the inert
solvent. This is a necessary modeling feature due to the compu-
tational infeasibility of tracking the solvent copy numbers in each
compartment for long times. After describing the thermodynamic
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framework for a grid of compartments, in Sec. II C, we derive the
change in G resulting from diffusion of solutes between adjacent
compartments.

In simulating a RDME, one commonly treats diffusion between
adjacent compartments and chemical reactions within compart-
ments using an augmented set of all species and reactions in the
system that treats species as distinct if they belong to separate com-
partments. Thus, if there are |L| reacting species and |Q| compart-
ments, where L and Q) are the sets of solute species and compart-
ments, respectively, then in the augmented set, there are |L||Q]
species tracked. The number of reactions in the augmented system,
including r chemical reactions per compartment and roughly z|L|
diffusion events per compartments (where z is the assumed con-
stant number of neighbors of each compartment, ignoring boundary
compartments), is |Q|(r + z|L|). This augmented set of species and
reactions is then simulated using the Gillespie algorithm in which
the reaction propensities are appropriately scaled according to the
compartment volumes.”

Crucial to the justification of this strategy to simulate a RDME
is the assumption that, within each compartment, the reacting
species can be considered homogeneously distributed so that one
may use mass-action kinetics to determine the propensities. This
assumption amounts to the condition that the timescale describing
diffusion within compartments, 7p, is much less than the timescale
of chemical reactions, 7c,

Tp < Tc. (34)

This comparison should be done for each diffusing and reacting
species, and the timescale of the fastest reaction (taken as the inverse
of the propensity) for each species should be used. If the condi-
tion holds, then the process of intra-compartmental diffusion will
homogenize the solution faster than chemical reactions that occur,
so the assumption of mass-action kinetics holds. Let the dimen-
sion of the space be d, the length of the (here assumed cubical)
compartments be ki, and the diffusion constant of a species be D.
Then,

DR (35)

The Kuramoto length is given by

Ix = \/2dDc, (36)

so one can see that the condition 7p < 7¢ is equivalent to the con-
dition Ix > h, and thus, one can enforce this condition by choos-
ing a smaller compartment size h. For fixed total volume, there
is a trade-off between h and [Q), which determines the size of
the augmented system and therefore the computational efficiency.
The timescale of intra-compartment diffusion 7p is approximately
equal to the timescale of inter-compartment diffusion (which can
be given as the inverse of kp = h%), so a third way of describ-
ing this condition is that the frequency of jumps between adja-
cent compartments is much greater than the frequency of chemical
reactions inside the compartments, which can be checked empiri-
cally in simulation.”* We note that, in the literature, these expres-
sions may differ up to a constant coefficient depending on the
reference.
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In order to approximately describe the thermodynamics of this
system, we distinguish between the inert solvent and the dilute,
chemically reactive solutes. We assume here that the system is
impermeable to the flow of either kind of species to the exterior.
Within the system, all species are permeable (though local diffu-
sion constants may be incorporated for each species'). We treat the
solutes explicitly (at the level of their compartment copy numbers),
whereas we model the solvent implicitly through an appropriate
limit as in the steps leading to Eq. (21). To this end, we assume
the existence of a laboratory timescale 7; whose purpose is to define
the temporal resolution of our measurements such that any changes
occurring on a timescale longer than 7; will be measured. We assume
that 7; is much longer than the timescale describing the local com-
partment fluctuations in the solvent copy numbers 7, yet shorter
than but on the order of the timescale describing diffusion of the
solutes 7p. On this timescale 7, then in the time between the chemi-
cal reactions and diffusion events involving the solutes, the system is
quasi-equilibrated with respect to fluctuations involving the fast pro-
cess of solvent diffusion, and thus, the system may be assigned well-
defined values of Gibbs free energy.” This hierarchy of timescales
can be written as

T, < 171 S Tp K TC. (37)

Typical ratios of the diffusion constants for solute to solvent
are in the range of 1/10 to 1/100, placing 7p/7s in the range
of 10-100."

On the timescale 7, there is enough temporal resolution to
track the diffusion and chemical reactions of the solutes while allow-
ing averaging over the fluctuations of the solvent. To describe activ-
ity occurring over the large grid of compartments for extended
systems, we introduce new timescales 75, where x refers to any
of the timescales defined above. If we hold the compartment size
h and the chemical concentrations fixed and add more compart-
ments to our system, the rates of solute diffusion events and chem-
ical reactions occurring anywhere in the system will scale as |Q],
the number of compartments, and thus, the timescales needed to
describe them scale as |Q|, ie, 77 ~ 7/|Q|. One might be con-
cerned that 7{ will be less than 7, for large systems, ostensibly vio-
lating our requirement that we will be able to average over the sol-
vent fluctuations to define quasi-equilibrated states. However, the
timescale of solvent fluctuations across the whole grid, 7%, will also
scale inversely with |Q|, so the condition for being able to aver-
age over solvent fluctuations expressed in Eq. (37) does not ulti-
mately depend on the number of compartments. In other words,
for systems with many compartments, as long as Eq. (37) holds
for one compartment, we can be sure that our laboratory timescale
that describes the whole grid, 7§, will be short enough to describe
processes involving the solutes, while long enough to allow aver-
aging over the fluctuations of the solvent occurring locally in each
compartment.

We assume that the exterior of the system acts as a reservoir for
the thermodynamic variables p and T. The volume V of the system
also remains constant; however, under the assumption of the solvent
being an incompressible liquid, the change in quantity pV is approx-
imately zero, and for each reaction, the change in Gibbs free energy
is equal to that of the Helmholtz free energy. Thus, it is inconse-
quential whether we consider p or V to be reservoir variables, and

ARTICLE scitation.org/journalljcp

we choose p in order to speak of the Gibbs free energy of the sys-
tem. We can write the Gibbs free energy of the system as G(N, p, T),
where N = {{Nju }iem } acq represents the set of copy numbers of all
solute and solvent species in each compartment in the grid. We fur-
ther assume the compartments to be only weakly interacting, that is,
they can exchange energy and particles, but the interaction of the two
subsystems does not contribute a term to the Gibbs free energy of the
system. This is equivalent to assuming that the Gibbs free energy of
the compartments G is linearly additive,

G=) Ga, (38)
AeQ

without any terms of the form Gap. To justify this, we first note that
the interaction free energy between two adjacent compartments will
primarily be due to the interaction of the solvent at the interface.
This interfacial free energy will, even for mesoscopically sized com-
partments, be small compared to the free energy due to the bulk of
the compartment. Furthermore, our main interest will be in changes
in the Gibbs free energy of the system due to solute diffusion between
compartments and chemical reactions, neither of which will signifi-
cantly affect the interfacial free energy, so all terms of the form Gag
will drop out of the expression for AG.

In our approach of averaging over fluctuations in the solvent
amounts and taking the limit that this average is large compared
to the copy numbers of the solutes, we are choosing to neglect the
changes in Gibbs free energy of the system owing to the solvent
fluctuations. We justify this with an argument that these fluctua-
tions are small compared to those resulting from the activity of the
solute molecules; it also arises out of necessity due to the computa-
tional expense of tracking the solvent fluctuations. On the laboratory
timescale 7;, each compartment has an average copy number of sol-
vent molecules, Ns4. The fluctuations in this quantity will have a

standard deviation on the order of ml/z.” As indicated previ-
ously [to arrive at Eq. (21)], we avoid specifying N, 4 by taking the
limit that it is much larger than the number of solute species, and
thus, fluctuations in this quantity do not matter when computing
nearly exact changes in the Gibbs free energy accompanying reac-
tions involving the solutes. We need to establish that the change
in Gibbs free energy of a compartment due to a fluctuation in the

solvent copy number on the order of ml/z is small compared to
the change in Gibbs free energy accompanying chemical reactions
and inter-compartment solute diffusion events and, thus, that the
fluctuations in this quantity are not outweighing the changes that
we are measuring. In Appendix C, we show that if the concentra-
tions of solutes are very different in the two compartments, then this

Gibbs free energy change is on the order of eml/zkg T, where ¢ is
the ratio of solutes to solvent. We show that this quantity is typi-
cally much less in magnitude than the change in Gibbs free energy
accompanying a solute diffusion event. If the concentrations are
nearly equal, then the Gibbs free energy is on the order of ekzT
and is thus negligibly small. We make the modeling choice to ignore
these changes in the Gibbs free energy resulting from solvent fluc-
tuations because they tend to be small and they do not represent
the processes we are interested in, which involve the activity of the
solute molecules.

To summarize, we track the changes in the Gibbs free energy
of the system by computing a value of AG whenever a chemical
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reaction occurs within a compartment or a solute diffusion event
occurs between adjacent compartments. The timescales on which
these events occur are much slower than that of solvent equilibra-
tion, allowing for well-defined values of G between the events. By
the linear additivity of the compartments’ free energies, any change
in the free energy of a single compartment is equal to the change
in free energy of the whole system (i.e., AGa = AG). We assume
that the diffusion of the solvent only contributes small, fluctuat-
ing, unbiased changes to the free energy that we ignore; we also
assume that the amount of solvent is so large that one can take a
limit and neglect the fluctuations in this quantity when comput-
ing the changes in free energy for processes involving the solute
copy numbers.

C. AG of diffusion

To describe the change in Gibbs free energy accompanying a
solute diffusion event between neighboring compartments, we use
a similar approach to the one used above for chemical reactions.
The key difference here is that, as opposed to multiple species being
involved in a reaction taking place in a single compartment, we
now have a single species involved in a diffusion event taking place
between two compartments.

Consider species i diffusing from compartment A, where its ini-
tial copy number is N; 4, to compartment B, where its initial copy
number is N; g. The total copy numbers of molecules in compart-
ments A and B are N4 and Np, respectively. Assume there is just
one spectator species constituting the solvent, labeled s with copy
numbers N 4 and Ni,p (we remove our uncertainty in the exact
values of these numbers by taking a limit later). As a result of the
diffusion event, we have the following changes in these quantities:
Nia = Nia — 1, Nipg > Nip + 1, Noa = Nga, Nog = N,
Na - N4 — 1,and N — N + 1. The initial Gibbs free energy is

N; )

i,B
Np

Gmitial _ Niﬁ(@ +kpTlog %) + Nip (Kbﬂl? +kgTlog
A

o N, e N,
+ N4 (;4?‘* +kgTlog i) + Ny (‘u?’* +kgTlog o8 ),
NA NB
(39)
and the final Gibbs free energy is

nal -0 Nia-1
G = (Nja — 1)(;4? +kpTlog A )
Ny—-1

5 Nip+1

+ (Nip + 1)(,,1? +kpTlog I\;j+ N )
NS,A )
Ny-1
Ns,B )
NB +1 ’

The difference of these two expressions leads to an exact for-
mula, similar to Eq. (16), which we omit here. Analogously to
the approximation N > ¢ made in the context of chemical reac-
tions, here we assume that N4, Np > 1, which amounts to setting
Na — 1~ Nja and Np + 1 ~ N3 in Egs. (39) and (40). Using this
approximation, we can express the change in Gibbs free energy as

(Nia - 1)(1\71,/\—1) (Nip + 1)(Nx,ﬂ+1)

Nia Nig
N i,A N i.B

+ Ns,A(!;?\; + kBTIOg

+ NS,B(J?’V* +ksTlog (40)

AG = kpTlog (41)
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We see that, analogously to making the approximation N; > v;
above, if we here take Nj 4, N; g > 1, then Eq. (41) reduces to the
common expression

Nip
Nia’

AG = kpTlog (42)

The right-hand side of Eq. (42) will always be less than that of
Eq. (41), which, although the difference is typically very slight,
can lead to systematically biased calculations, as we describe
in Sec. I11I.

The considerations leading to the main results of this paper
[Egs. (14), (21), and (41)] do not depend essentially on the assump-
tion that the compartments comprising the simulation volume form
a regular Cartesian grid (as illustrated in Fig. 1). A variety of strate-
gies have been developed to discretize the simulation volume in a
more sophisticated manner. These include unstructured meshes that
use complex polygonal compartments useful for modeling curved
surfaces, as well as adaptive meshes that use compartments with
time-dependent boundaries that can increase computational effi-
ciency.l(”'“ Hybrid, multiscale methods also exist, which combine
a mesoscopic compartment-based description of part of the simula-
tion volume with either a macroscopic or microscopic description
elsewhere in the volume.”””’ Determining reaction and diffusion
propensities in these frameworks is a somewhat complicated issue
that we do not address here. Without undertaking a detailed anal-
ysis of how the above derivations of expressions for AG should be
extended to apply in each of these computational frameworks, we
observe that, given a method for calculating propensities leading to
reaction and diffusion events, the expressions derived here can be
applied directly to the case of an irregular grid of compartments,
which encompasses several applications of interest. In an irregu-
lar grid, each compartment A has an arbitrary shape and volume
Va, with V4 # V3, in general, for any pair A, B. It is important to
ensure that for each of these compartments the assumptions regard-
ing timescales described above still hold. If they do hold, then to
apply the above results, it is only necessary to use compartment A’s
local value of ®4 = NayV4 in place of ® where it appears in the
expressions for AG(;), AGp), and AGg) [Egs. (21), (25), and (28),
respectively].

lll. RESULTS

Here, we perform stochastic simulations to illustrate the effects
of approximating AG for reaction and diffusion events when copy
numbers are considered small and discrete. We use MEDYAN,
a simulation platform designed to study active networks at high
resolution, which is equipped with a RDME simulation engine as
described above.!' With this, we report on two different simula-
tion setups to test the discrepancy between the nearly exact and
approximate formulas for AG corresponding to reactions and to dif-
fusion. We compare the nearly exact equations (21) and (41) for
reactions and diffusion, respectively, with their approximate coun-
terparts [Eqgs. (28) and (42)]. We observe that only the nearly exact
expressions result in sensible behavior, i.e., the rate of change of
Gibbs free energy on average is 0 kpT/s when the system is at
equilibrium.
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A. AG of reactions

To test the effect of approximation for AG of reactions, we
consider the simple reaction scheme

k,
A+B k‘i G, (43)

where the rate constants to the right and left are k, = 0.05 yM ™' s7*

and k- = 0.01 s™', respectively, giving an equilibrium constant
of Ky = k-/ky = 02 uM. We perform stochastic simulations
with the Next Reaction Method in MEDYAN’' using a single
compartment of size 0.125 um’® (i.e., in this example, there is
no diffusion). To employ Eq. (21) in simulation, we first
compute AG’ — okTlog® - oksT = 3.71 kgT for the for-
ward reaction and -3.71 kpT for the reverse reaction (using
AGY = kpTlogKe), and then, when each reaction fires during
simulation, the quantity 6( 1y is computed from the instantaneous
values of the copy numbers to determine AG). A similar approach
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is taken to employ Eq. (28). We begin with N4 = 100, Np = N¢
= 50 and repeat a simulation of 100 s duration 3000 times to
obtain averages of the trajectory of rates 0;AG(t) resulting from
the forward and reverse reactions [the notation 0;AG(t) implies
that the measured rates vary smoothly as a function of time;
however, this quantity is calculated as the total change in Gibbs
free energy resulting from discretely timed chemical events during
1 s-long windows]. Figure 2 displays the results of these simula-
tions. Note how, while the two trajectories bear close similarity,
the equilibrium value of 0;AG(t) centers around 0 kgT/s for the
nearly exact formulation [Eq. (21)], yet erroneously centers around
~ —0.08 kg T/s for the approximate version [Eq. (28)].

B. AG of diffusion

To test the effect of approximating AG for diffusion in a
compartment-based reaction-diffusion scheme, we next employed
MEDYAN to simulate diffusion of 1000 solute molecules with diffu-
sion constant 20 ymz s 'ina2x2x2 grid of compartments, each a
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FIG. 2. Numerical results illustrating the difference between nearly exact and approximate formulations of AG for reactions and diffusion. (a) Averages over 3000 simulations
of the chemical scheme A + B = C, using the nearly exact Eq. (21). The blue curve represents the trajectory of 9;AG resulting from the forward reaction, the red curve
represents that from the reverse reaction, and the black curve represents their sum. Shaded regions represent the standard deviation over the 3000 repeated trials. The inset
displays a blow-up of the black curve once the system has reached close to equilibrium. (b) The same as just described, but using the approximate Eq. (28). (c) A single
trajectory of diffusion of 1000 molecules over a 1 um® cubic grid of eight compartments, beginning from a random initial spatial distribution. Values of AG are calculated using
Eq. (41). (d) The same as just described; however, the values of AG are calculated using Eq. (42).
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cube with volume 0.125 ym”. The initial distribution of molecules is
uniformly random over the compartment grid, and thus, the system
begins near equilibrium and is then allowed to stochastically evolve
for 100 s, i.e., the molecules hop randomly between adjacent com-
partments. For each diffusion event, the value of AG is determined
using the nearly exact equation (28) for one run, and in another run,
the approximate equation (42) is used. The difference in the trajec-
tories of 0;AG for these simulations is stark, as displayed in Fig. 2.
While the trajectory centers around 0 kpT/s for the nearly exact for-
mulation of AG, it erroneously centers around ~ —1925 kgT/s for
the approximate version. Diffusion events are very frequent in this
system, occurring around 240 000 times/s (this number can be calcu-
lated from the parameters of the system and is also observed during
simulations). Thus, since Eq. (42) is always less than the nearly exact
quantity, even by a small amount on the order 0.05 kg T for this sys-
tem, this systematic bias is amplified by the frequency of diffusion
events to produce significant differences from the expected behavior,
necessitating the use of a more exact formula for AG. Finally, we per-
formed a simulation involving both reactions and diffusion across
multiple compartments. We found again that only when the nearly
exact formulas were used did the rate of change of Gibbs free energy
center on 0 kgT/s at equilibrium. It is not additionally illuminating
to show the data, so we do not display it here.

IV. DISCUSSION

We have argued that when the copy numbers of the reactants
and products are treated as small, discrete quantities, then certain
approximations leading to the textbook formulas for AG of reac-
tion and diffusion [Egs. (2) and (3)] break down and lead to biased
results. We emphasize that this is true only when the copy num-
bers and reaction occurrences are treated as discrete; when they are
treated as continuous, one should use the textbook formulas. This
can be shown by considering a continuous version of the chemi-
cal system described by Eq. (43). The time evolution of the con-
centrations of the chemical species is obtained by solving a system
of ordinary differential equations that employ mass-action kinetics,

1
0
-1
@
K2 N
X
g-3
3 0.05
a
-4
-5 0.00
-6 60 80 100
0 20 40 60 80 100
Time (s)

Power (kgT/s)

ARTICLE scitation.org/journalljcp

and from this solution, the rates 0;AG(t) resulting from the for-
ward and reverse reactions are computed using the instantaneous
values of the species’ copy numbers that enter into Egs. (21) and (28).
Figure 3 displays the results of these calculations. Here, the total rate
of 0;AG(t) only approaches 0 kpT/s, as it must at equilibrium, when
Eq. (28) is used.

When the copy numbers of the chemical species are treated
as continuous, there is no notion of a single occurrence of a reac-
tion; instead, the evolution of the system is parameterized by the
continuous variable ¢ that quantifies the extent of advancement of
the reaction.” In this framework, which is adopted in classical ther-
modynamics, the copy number of any species never jumps instanta-
neously from N; to N; + v;, and thus, the premise of the derivation
presented above leading to Eq. (16) falls apart. This explains why
the seemingly more accurate equation (21) is wrong when applied to
chemical dynamics that are described using continuous variables to
represent the copy number of species. When the chemical dynam-
ics are modeled this way, the textbook expression [Eq. (28)] for the
change in Gibbs free energy is valid. Another way to understand
the difference in these expressions is to view Eq. (28) as giving the
instantaneous slope of G with respect to the degree of advance-
ment of the reaction when these quantities are viewed as contin-
uous variables,”®*” whereas Eq. (16) effectively integrates the con-
tinuously varying quantity dG through a single discrete reaction
occurrence.

If the copy numbers of chemical species are not large com-
pared to the stoichiometric coefficients (i.e., N; is not much greater
than v;), it is best to describe the chemical dynamics by treating
the copy numbers as discrete variables participating in stochastically
timed chemical reactions. This is the philosophy adopted by several
recent models of intracellular environments, where copy numbers of
molecules of interest are sometimes quite small. In these cases, adop-
tion of the more exact expression for AG can not only improve preci-
sion but also ensure correct behavior. If concentration gradients are
expected to be a strong source of entropy production (e.g., diffusion
of monomeric actin along the lengths of filopodia, see Refs. 53-55),
then using the nearly exact formulas presented here can ensure

U
N

1
w

-6 60 80 100

0 20 40 60 80 100
Time (s)

FIG. 3. Analytical results illustrating that, when copy numbers are treated as continuous variables, the textbook formula for AG of reaction should be used. (a) Calculation of
the rates 9;AG(t) using Eq. (21) resulting from the forward (blue curve) and reverse (red curve) reactions, as well as their sum (black curve), as described in the main text.
The inset shows a blow-up of these curves as the system approaches equilibrium. (b) The same as just described, but using Eq. (28).
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that the resulting measurements of dissipation are not strongly
biased.
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APPENDIX A: DISCRETE VARIABLES AND THE
RELATION TO THE GIBBS-DUHEM EQUATION

The Gibbs-Duhem equation from classical thermodynamics
states

Z N,-d,ui =-8dT + Vdp =0, (A1)
ieM
where M represents all chemical species in the system including the
solvent, and the last equality holds at constant temperature and pres-
sure.”” Applying the product rule’® to the expression for the Gibbs
free energy, G = Y icmNipi, we get

dG = Z ]/lidNi + Z N,-d,ui = Z yidNi. (A2)
ieM ieM ieM
Evaluating Y icmpidN; using stoichiometric coefficients in place of
dN; can be shown to lead to the expression AG).

If the copy numbers are small, we are better served using the
discrete difference operator A and not the differential difference
operator d. The product rule for the discrete difference operator
applied to G gives

AG = 3" wilNi+ 3" Nibpi + 3 ApiAN;. (A3)

ieM ieM ieM

Here, we do not neglect the cross-term as we do in the differential
product rule [Eq. (A2)]. We evaluate this expression term by term,

> WiAN; =

ieM

AG(3)) (A4)

_ Ni—v; N; Ni+vj N N N
ZN,A#I—kBTIOgH(T) H( N’ ) (N+O') 5

ieM i€R jepP
(A5)
v\ Vi N; + v; v 4
}:AMAm:kwagrmﬁigﬁ) [](‘ “ﬂ ( N ).
ieM ier\ Ni e\ N N+o
(A6)

Comparing these to the expressions for the accuracy of the various
approximations given in Appendix B, we have

Z N,‘A‘ui + Z ANiA[/li = AG(O)

ieM ieM

- AGG), (A7)

and thus, combining all the terms in Eq. (A3), we recover our exact
expression AG(), and this approach can be seen as an alternate
derivation of Eq. (14). To summarize, for small, discrete copy num-
bers, we obtain corrections to the expression for the change in Gibbs
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free energy accompanying chemical reactions that are not captured
by the constraints imposed by the Gibbs-Duhem equation, which
assumes that the copy numbers are continuous quantities.

APPENDIX B: ACCURACY OF THE APPROXIMATIONS

We calculate the accuracy of the approximations AG), AG(),
and AG;) by taking the difference of these quantities with AGp). We
have

N+o
N+ a) o (B1)

(AG(I) - AG(O))/kBT lOg(

(G — AGgy) /ks T = lo (J)Mno ]‘[( )N
@ = 8G())/ksT = log| = 0 (Frn

i€eR
- \N
x H N , (B2)
jer \Nj +0j
N+o N+o N;—v;
(AG(3) —AG(O))/kBT—lOg(T) +10gg(N1_ i)
’ Nj+y;

X H N . (B3)

jep \Nj + v

The accuracy of AG(;) depends only on N for a given reaction,
whereas the remaining approximations depend also on the values of
N; and Nj. These observations reflect the fact that, in order to arrive
at the expression for AG), we leveraged the size of N compared to
0, and to arrive at the expressions for AG(;) and AGgs), we further
successively leveraged the sizes of N;, N; compared to v;, vj.

APPENDIX C: AG OF SOLVENT FLUCTUATIONS

Here, we first calculate an approximate expression for the
change in Gibbs free energy of the system accompanying a fluctu-
ation of n solvent molecules from compartment A to compartment
B. We have

Gl ~ ZNIA(M + kBTlog—) +N5A(l45 + kBTlOg )

ieL

)

(Cn

where L is the set of solute species. After the transfer of n solvent
molecules from A to B, we have

Gl ZN’A(M + kBTlog

ieL

+ ZNtB(!‘z +kpTlog —) + NSB([,{S

i€l

)+N5A(ys +k3T10g —n)
n

)+N53(s + kT log SB+”).

(C2)

Taking the difference and simplifying, we arrive at the exact expres-
sion

+ ZNtB(.“; +kBTlog

iel

AG - ksTlog —a'__ (Nea=m™ " Ny
= rpllog — )Na-n Na Ny+n
(Na-n) N, (N4 +n)

(Ns,B + I’l)N“'BM
X —

Ny
N, s,B

(C3)

J. Chem. Phys. 152, 084116 (2020); doi: 10.1063/1.5140980
Published under license by AIP Publishing

152, 084116-10

ZY1€G:€T €202 Joquisides €2


https://scitation.org/journal/jcp

The Journal

of Chemical Physics

To understand the magnitude of AG for typical values of n, N 4,
and N, g compared to N4 and N3, we first make the assumption that
the two compartments initially have the same number of solvent
molecules, i.e., N5 4 = N p = N,. Next, we assume that the solvent
molecules dominate the proportion of total molecules, allowing us
to write Ny » Np = N. These approximations will hold in the limit
that the number of solute molecules is much less than the number
of solvent molecules for each compartment. We next introduce the
small parameters

2ier Nia
= Liel THA c4
EA N ( )
and
Zier Nip
= , C5
EB N ( )
which capture the dilutions of the two compartments, and
n
- C6
§=y (Ce)

which represents the relative size of the fluctuation. For N = 10°, we
typically have & ~ 10™*° (since # ~ N'/*) and & ~ 10™°, Substituting
these parameters into Eq. (C3), we have
NN

(N(1 = )N (N (1 + )N

(N(1- e2 ~ )N D (N(1 - g + £)) VO

(N(1 = ea))NO=e) (N(1 = eg) )N =en)

We expand this expression to first order in €4 and &g and then to
second order in &. The result is

AG = kgTlog

(C7)

AG = (e4 — £5)NEK T + %(SA +e5)NEksT

2
= (SA - sB)nkBT+ %(5A + SB)%kBT. (CS)

The observed numerical agreement between Egs. (C3) and
(C8) is close for realistic values of the parameters: for Ny = 10°,
Ng=5x10%¢e4=10"%¢e5=3x10"% and n = Nl/2 the predic-
tion of Eq. (C3) is —0.0632401 kpT and the predlctlon of Eq. (C8)
is —0.0 632436 kgT. The first term in Eq. (C8) will dominate if the
solute dilutions in the two compartments are very different from
each other. In this case, we may compare the size of this change
in Gibbs free energy to that accompanying the diffusion of a solute
from compartment B to compartment A. This latter change in Gibbs
free energy will be approximately kpT log ¢ 8—" . If we now set €4 = aes,
where a is of order 1 (typically, it will fall in the range [1/10, 10]),
then AG for the solvent fluctuation will be kg T(a — 1)egn and AG for
the solute diffusion will be kg T log a. The product ezn will be typi-
cally on the order of ~10™", so one can see that for typical values of
the parameters the change in Gibbs free energy from a solute diffu-
sion event will be significantly greater in magnitude than that from a
solvent fluctuation. If the dilutions are very similar, then e4 — ez ~ 0,
and the second term in Eq. (C8) dominates. This term is on the order
of (e4 + ep)kpT since % ~ 1. These changes in Gibbs free energy
will typically be much smaller than those accompanying a chemical
reaction or inter-compartment diffusion of the solute. Thus, we may
neglect the activity of the solvent in tracking the Gibbs free energy
of the system.
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