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ABSTRACT: Mechanochemical simulations of actomyosin networks are
traditionally based on one-dimensional models of actin filaments having zero
width. Here, and in the follow up paper (arXiv, DOI 10.48550/
arXiv.2203.01284), approaches are presented for more efficient modeling that
incorporates stretching, shearing, and twisting of actin filaments. Our modeling
of a semiflexible filament with a small but finite width is based on the Cosserat
theory of elastic rods, which allows for six degrees of freedom at every point on
the filament’s backbone. In the variational models presented in this paper, a
small and discrete set of parameters is used to describe a smooth filament shape
having all degrees of freedom allowed in the Cosserat theory. Two main
approaches are introduced: one where polynomial spline functions describe the
filament’s configuration, and one in which geodesic curves in the space of the
configurational degrees of freedom are used. We find that in the latter
representation the strain energy function can be calculated without resorting to

Efficiently represent geometry
of finite-width filaments

Model collective chiral
mechanics of many filaments

a small-angle expansion, so it can describe arbitrarily large filament deformations without systematic error. These approaches are
validated by a dynamical model of a Cosserat filament, which can be further extended by using multiresolution methods to allow
more detailed monomer-based resolution in certain parts of the actin filament, as introduced in the follow up paper. The presented
framework is illustrated by showing how torsional compliance in a finite-width filament can induce broken chiral symmetry in the

structure of a cross-linked bundle.

1. INTRODUCTION

Simulations of the actin-based cytoskeleton allow for deep
insights into its dynamics and mechanical properties.
Composed primarily of cross-linked actin filaments and
molecular motors, this structural protein network exhibits
fascinating behaviors on a range of spatial scales.”” From the
angstrom scale, at which individual actin monomers and
molecular motors hydrolyze chemical fuel to drive conforma-
tional changes, up to the millimeter scale, at which collectives
of cells exert self-organized mutual forces on one another, the
nonequilibrium dynamics and mechanics of cytoskeletal
networks enable much of the cellular functionality necessary
for life."~"" Associated with this wide range of spatial scales is a
variety of computational techniques that are used for modeling
cytoskeletal networks.'> Each technique accounts to some level
of approximation for the mechanical and geometrical proper-
ties of actin filaments. These filaments can be classified as
semiflexible polymers (whose typical contour lengths are
comparable to their persistence length) with very large aspect
ratios (such that the contour length is much greater than the
filament’s radius).">"* In this paper, we will focus on network-
level computational models of cytoskeletal systems, which
typically assign ~10—100 monomers to a single discrete
computational element. Software packages such as AFiNeS,"
CytoSim,16 the model of Kim and co-workers,"” and
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MEDYAN'® can access time scales of thousands of seconds
and length scales of tens of micrometers, allowing exploration
of fascinating emergent phenomena of cytoskeletal systems
which comprise many interacting filaments. In the coarse-
grained mechanical models used in these platforms, an actin
filament is represented as a one-dimensional piecewise-linear
chain of elastic segments with stretching and bending energy
penalties. An effective radius can be assigned to the filament so
that it experiences excluded volume interactions with its
neighbors to prevent overlap, but the elastic strain energy
functions used in these models neglect the filament width."”
There is strong reason to expect that the finite width of an
actin filament, neglected in current network-level models of
cytoskeletal systems, plays an important role in cytoskeletal
dynamics. Experiments in vivo and in vitro have illustrated the
emergence of remarkable rotating dynamical phases of
cytoskeletal systems, in which vortex structures spontaneously
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emerge as a broken chiral symmetry of the system.”*~** These
collective rotating phases likely involve torques exerted about
the axes of the actin filaments, which should have chirally
asymmetric torsional compliances due to the filaments” helical
microstructure.”””* The resulting “twirling” of actin filaments
by myosin motors has been directly observed in wvitro.”>*°
Furthermore, these torques have been argued to have
developmental consequences by contributing to left—right
symmetry breaking in the cell cortex.”””® However, the
intrinsic chirality and torque generation in actin filaments is
not captured in any existing cellular scale mechanochemical
models of cytoskeletal networks, which currently do not allow
for torques or shearing forces due to their one-dimensional
filament representations. Other computational studies also
highlight the importance of filament torsion in cytoskeletal
assemblies.”” ' Although these latter studies have imple-
mented models of filament mechanics that include torsional
deformations, either the corresponding strain energy functions
are overly simple and do not systematically account for all
allowable modes of deformation (stretching, bending, shearing,
and twisting), or else the models are too computationally
expensive to use in network-level simulations of cytoskeletal
networks, where collective phenomena involving many
filaments are observed.””™>' Further efforts in modeling
actomyosin networks described in refs 32 and 33, do account
for the finite width of actin filaments, but they are limited by
large computational expense, an overly simplified set of
possible chemical reactions (which excludes active myosin
motor walking and filament polymerization), and no option for
binding of cross-linkers to the filament surface rather than its
backbone. As a result, the question remains open of how one
can incorporate all allowable mechanical deformations of a
finite-width filament network in a highly efficient way, so that
the model can be used in cellular scale mechanochemical
simulation packages such as MEDYAN."®

Here, we introduce a set of options for efficiently modeling a
semiflexible filament having a small but finite width. The
physical background used in these models is the Cosserat
theory of elastic rods, which allows for six degrees of freedom
at every point on the filament’s backbone.””*> A key feature of
these modeling approaches is that they use only a small,
discrete set of model parameters yet describe a smooth
filament shape having all allowable degrees of freedom in the
Cosserat theory. We present two main approaches: one in
which polynomial spline functions are used to describe the
positional and orientational degrees of freedom, and one in
which we use the geodesic curve in the space of the
orientational degrees of freedom. We find that in the latter
model one can calculate the strain energy function without
resorting to a small-angle expansion, so it can describe
arbitrarily large filament deformations without systematic
error. In section 2, we first introduce the relevant ingredients
from the Cosserat theory used in our work, after which we
introduce two new filament models and describe how to
calculate the strain energy function in each. In section 3, we
then validate these models by comparing them with computa-
tionally expensive but higher resolution Cosserat filament.*®
We apply our new method to illustrate how chiral torsional
compliance in a finite-width filament can propagate up a spatial
scale to induce broken chiral symmetry in the structure of a
cross-linked bundle. Finally, we implement these new models
into MEDYAN to illustrate the feasibility of using them to
study network-level cytoskeletal systems.
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2. METHODS

Thin rods (or filaments) are characterized by large aspect
ratios, allowing for an effectively one-dimensional continuum
mechanical description where position in the rod is specified
with a single variable.””*" Several nonlinear theories of thin
rod mechanics have been developed which differ from each
other in the allowed types of deformations. The Cosserat
theory®*** generalizes the Kirchoff theory’”*’ by allowing for
transverse shearing and axial extension deformations. Here we
build on the Cosserat theory, which has recently been used to
develop mathematical models of thin rod dynamics that
capture a wide range of observed nonlinear filament
behaviors.***""** We next give a brief account of aspects of
the Cosserat theory relevant to our model, after which we
describe our new variational treatment.

2.1. Background of Cosserat Theory. In the Cosserat
theory, a filament is mathematically described by a directed

curve.34’4j’ This consists of backbone curve r(3) € R®, where
5 € [0,L] is the reference arc-length coordinate, and an
orthonormal triad of directors D(3) = (d,(3), d,(5), d5(5)). In
our notation the caret hat symbol denotes a variable of the

reference configuration. The column vectors d,(5) € R,
where @ = 1, 2, 3 indexes the Cartesian components, specify
the orientation of the rod’s cross-section at 5 is specified such
that d;(5) is normal to the cross-section and d,(5) and d,(5)
span the cross-section and define its twist about d;(5). These
vectors generally differ from the Frenet-Serret frame
comprising the tangent, normal, and binormal vectors of
r(3).** We distinguish between the current configuration of the
rod, described by r(5) and D(3), and the reference
(undeformed) configuration, described by a reference curve
7(3) and a reference triad D(5) = (d,(3), d,(5), d5(5)).
Dilatation of the rod’s backbone length is captured by the
scalar quantity e(3) = ds/ds, which can be used to change
coordinates from the reference arc-length coordinate § to the
current arc-length coordinate s. In this paper we primarily use
the reference coordinate system, although our formulation is
equivalent to one using the current coordinate system. The

proper orthogonal rotation Q(3) € R> rotates the reference
triad into the current one:

D(3) = Q(¥)D(3) (1)

In what follows, we will assume D is independent of s for
simplicity. The quantities just introduced are illustrated in
Figure 1.

From these %uantities, six independent components of strain
are defined.’”*" Three of these components are encoded in the
pseudovector

_ rd
£ a’{Q & QJ )

where the ax operation returns the pseudovector associated
with the skew-symmetric matrix Q"dQ/ds. The ax operation

0 —¢c b
acts on a skew symmetric matrix § = ( li 0 - a] such
- a 0

that ax(S) = v = (a,b,c)". Its inverse operation, skew, acts on v
such that skew(v) = S. These have the property that for any
vector x, Sx = v X «.

The components of k along the reference triad vectors, , =
k-d,, measure the two bending strains, k; and k,, and single
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Figure 1. Quantities used to specify a thin rod’s configuration in the
Cosserat theory are illustrated. A deformed rod, to which surface
linkers shown in purple are attached, has a backbone r(s) shown as a
black dashed curve, and a local triad of directors d,(5) shown as red,
blue, and green arrows. The matrix D(3) = (d,(5), d,(5), d5(3)) is
formed from these column vectors. The rotation tensor Q(5) rotates
the reference director triad d, to the current director triad d,(5). In
the Cosserat theory the local tangent of the backbone dr/ds, shown as
a black arrow, can differ from the local d;(3) director to allow for
shear. The rod is discretized into segments which have end points
defined by the knot-point coordinates §;, which are shown as orange
spheres. In this visualization there are five segments and six knot
points. The left panel displays a blow-up of the right panel, where the
filament’s cross-section is visualized as a cyan circle. Although the
director triads are only visualized here at certain discrete positions
along the filament, they can be found at any position given the
continuous parametrizations used in the variational models.

twisting strain, &, at each arc-length coordinate 5. Similarly, the
components along d, of the vector

dr
ds (3)

measure the two transverse shearing strains, o; and 6,, and the
single stretching (extensional) strain, 03, completing the
collection of six strain measures.

These strain components are used to define the elastic strain
energy density £(3) of the rod’s configuration in the Cosserat
theory.””* The filament’s total strain energy E is obtained by
integrating the density £(5) along the filament’s reference arc-
length L:

L
E= /(; £(8) ds @

The most general quadratic expansion of the local energy
density &(5) would include all 21 terms of the form &k, k,0p
and 6,0y, for a, f = 1, 2, 3, capturing mechanical couplings
between all components of the strain.>”*! However, the
material symmetries of the rod can significantly reduce the
number of terms needed to describe the energy. An actin
filament can be approximately classified as a transversely
hemitropic (i.e., spatially averaged screw-symmetric) rod.* It
can l;s shown that such a rod has an energy density with the
form

Tdr

6=Qd_§_

S3,3 2 B3,3 2

Sll 2 2 Bll 2 2
e=—(o+0)) + —=( + &) + =07 + —k
2(1 2) 2(1 2) 2 3 ) 3

+ C1,1(61K1 + K,0,) + C;,303; + C1,2(61K2 — 0,k)

©)
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The coefficients S, 4 B, and C,4 can be viewed as elements
of the parameter matrices S, B, and C appearing in the general
quadratic expression of e.”® They are geometric and material
constants (rigidities) that parametrize the energy penalty of the
rod in response to various deformations. The top row of terms
in eq S captures the energy due to each mode of deformation
individually. The bottom row, which would be zero for an
isotropic material, captures couplings between these deforma-
tions. The twist-stretch coupling term proportional to C; ; is of
particular interest in the case of actin, because it allows for
chiral asymmetry in the filament’s torsional compliance.**®
We note that other mechanical coupling terms not included in
eq 5, such as a twist-bend coupling term proportional to
(k; + K,)K3, can also play a role in the mechanics of short actin
filaments for which spatial averaging is a poor approximation.*’
Any such coupling terms, as well as higher order terms in the
expansion of ¢, could be easily accommodated by the
methodology subsequently presented in this paper, but in
our present applications we use eq S to describe chiral actin
filaments.

To parametrize the model we need to specify the elements
of §, B, and C which appear in eq S. The diagonal elements of
S and B can be expressed in terms of the material properties
E.oq and G4 representing the Young’s and shear moduli,
respectively, and the geometric properties A, I, and a,
representing the cross-sectional area, second (polar) moment
of inertia tensor, and a constant equal to 4/3 for circular cross
sections. We give the details of the parametrization in the
Supporting Information, section 2.1. The elements of C will be
treated here as tunable parameters to study the effect of
anisotropic mechanical compliance. We note that the elements
of C are bounded by the requirement of energy positivity; for

instance IC; 5| < |/S; 3B; ;5 »

2.2, Variational Approach to Rod Mechanics. In one
standard modeling approach, the energy E is used to derive
equations of motion which when numerically integrated
propagate the rod’s configuration forward in time.’**"*’
Rather than numerically integrating a differential equation,
which requires significant computational effort for large
systems, the approach pursued in this paper is to efficiently
find approximately equilibrated rod configurations under some
external loads. In addition to the computational acceleration
afforded by directly seeking minimized configurations, we are
also motivated to pursue this approach because we aim to
incorporate a filament model using the Cosserat theory into
the simulation platform MEDYAN.'® In MEDYAN, the
system’s dynamics are propagated forward via short bursts of
stochastic chemical activity over a reaction-diffusion compart-
ment grid followed by periodic relaxation of the system’s
mechanical energy; this allows for efficient simulations that
include chemical reactions with spatially varying propen-
sities.***” We note that this energy-minimization based
approach to dynamics neglects the thermal diffusive motion
of the filaments. The rationale behind this approach is that the
ATP-consuming contributions to the system dynamics, coming
from myosin motor steps and actin polymerization, signifi-
cantly outweighs the contributions coming from diffusive
motion of the filaments in these far-from-equilibrium
systems.7’18’50 As a result, neglecting thermal motion in
MEDYAN simulations is not expected to significantly
compromise the realism of the behaviors in which we are
interested, and this claim has been corroborated through
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several validations of MEDYAN predictions against exper-
imental measurements.”’ ¢ Under some external loads, such
as cross-linkers bound to the filament, the energy E is
variationally minimized for some continuous functions r*(5)
and Q*(5), where the star denotes the energy-minimized
configuration. This infinite-dimensional functional minimiza-
tion problem is computationally burdensome, necessitating a
more efficient scheme for scalable simulations.

The crucial approximation underlying our variational
approach is similar in spirit to the Rayleigh-Ritz (or Ritz-
Galerkin) method, in which an infinite-dimensional eigenvalue
problem is converted to a finite-dimensional one via restriction
to a finite-dimensional subspace of expansion coeflicients for
some chosen basis functions.””*® In our method, we assume
that both r(s) and Q(5) are of a specified functional form
having a discrete set of free parameters K. We present two
options for this: one in which r(3) and the Euler angles
parametrizing Q(3) are spline functions of §, and one in which
Q(5) is the geodesic curve in SO(3) (the three-dimensional
rotation group) on a segment of the filament while dr/ds is
parametrized using its components in the local d,(3) basis. The
details of these functional forms are elaborated below. The
strain energy density €(§; K) becomes a function of § and the
parameters K through its definition in terms of the strain
components, eq S. The key challenge in this variational
approach is evaluating the integral in eq 4 to express the total
energy of the filament E(KX) as a function of the model
parameters. Once this is done, equilibrated configurations of
the rod under some external loads, whose energy E, (%K) is
also expressed in terms of the model parameters, are found by
minimizing the total energy E,,(K) = E(K) + E,(K) with
respect to the elements in K. This yields the
optimized parameters K™* = arg mingE, (%), which
determine the optimized configuration r*(8) = r(5; K™*)
and Q*(8) = Q(5; X™*). We find that, using the spline
representation for r(s; K) and the Euler angles of Q(5; K),
it is necessary to expand &(3; K) around small values of the
Euler angles for the integral in eq 4 to be analytically solvable.
Using the geodesic form for Q, this approximation does not
need to be made. We next give the details of these two
variational methods.

2.3. Spline-Based Models. Here we describe how to
assign a functional form for the rod’s configuration, r(5) and
Q(5), using spline functions. We refer to this approach as the
“spline-based” model. Commonly used in the field of computer
graphics, several spline functions are available such as
B-splines, exponential splines, and Hermite splines, which
may each have particular advantages depending on the
application.””"®> For the purpose of demonstrating this
approach, we use here composite Bézier curves which are
fairly intuitive and easy to use, but this method could be
straightforwardly extended to using other splines. The
reference arc-length L is discretized into N, — 1 segments
whose ends are N knot coordinates. The knot coordinates are
particular values §; of the reference arc-length, and the ith
segment has a reference arclength L, = §,, — 5. This
discretization is illustrated in Figure 1.

A composite Bézier curve x(5) is a piecewise function which
passes through Ny knot points &;, where i = 0, .., Nj — 1. On
each segment i, x(3) is a polynomial of order d whose shape is

controlled by the control points x;;, where j =0, .., d — 2 and
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the double index indicates that x;; is a control point. Like N,
the polynomial order d is a hyperparameter controlling the
complexity of the model. We will formulate the model for
general values of these hyperparameters, but in our
implementations we choose d as 1 or 2 and N such that an
actin filament segment is ~20—100 nm long. In Figure 1, for
instance, we have Ny = 6 which is a typical value used. The full
curve x(5) consists of N, — 1 segments x; (5),i=0,.., N, — 2,
such that x(5) = «,(8) if 5; <5 < 5;,;. Here the argument of x,(5)
indicates that it is a functlon rather than a knot point. The
segment curves x(@) are reEarameterized using the segment
variable q(5;5 ,,sl“) = (5—5;)/L; which ranges from 0 to 1 as §
increases from §; to §;,;. In terms of ¢, the segment curves are
given by the formula

d-2
x(q) = (1 - ‘I)dxi + qui+1 + z B]"i+1(q)xi,j
i=0 (6)
where the Bernstein polynomials are
d) . »
B/(q) = (.]q’(l -7
] (7)

If all knot and control points are free, then unphysical cusps
can result in the composite curve at the knot points. To
address this, smoothness up to degree p can be enforced
through derivative matching conditions

lim x(k)(s) = lim xl(f)l(s)

§=%4n §=5h

(8)

where i = 0, .., Ny — 3, k = 1, ..,, p and x©(3) denotes the kth
derivative with respect to § of ,(s). Choosing p = d — 1 gives
3(d = 1)(Ny — 2) equations in 3(N, + (N, — 1)(d — 1))
parameters, leaving 3(Ny + d — 1) free. These free parameters
can be taken to be the N, knot points x; and the control points
on the first segments, xj j = 0, vy d — 2. This choice of p
provides the greatest amount of smoothness while also
allowing the number of free parameters to grow with Ni.
One deficit of this parametrization is that specifying a position
on the ith segments requires using parameters from segments 0
to i — 1, since the control points on the ith segment are
determined from the smoothness constraints involving these
previous parameters. However, for reasonably small values of
Ny, up to ~10, this issue does not significantly impair model
performance (we discuss the computational efficiency of these
models in the Supporting Information, section 1.3).

A composite Bézier curve is used to represent both the
backbone curve r(3) as well as the curve a™(5), containing the
Euler angles parametrizing Q(3), as a function of 3. The vector

a® () = (¢™G5), (), y*'())T encodes here the 3—2—1
(yaw-pitch-roll) Euler angles of Q, although other Euler angle
conventions could also be used.”” For this representation of
r(8) and Q(3), the model parameters are

K = {150, s , a(f“;a_z, ",

Eu
rO,d,—Z’ 1os o rNk—li “o,o»

Eu
ey aNk_l

where d, and d, are the orders of the composite Bézier curves
for the backbone and Euler angles, respectively. Using the
above definitions of the strain components which enter into
eq S, it is straightforward to write the strain energy density
€(8; K) using these spline parameters. However, to find the
integrated energy E(K), it is necessary due to the intractability

https://doi.org/10.1021/acs.jctc.2c00318
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of analytically integrating &(3; K) to make a small-angle
approximation to Q(@™) & Qupox(@™; m). The order m of
the small-angle expansion is an additional hyperparameter of
the model. Using Q.o in place of Q in the definition of the
strain components, the approximate strain energy density

E,ppron (35 K) becomes a polynomial in 3; that is

gapprox<§5 7() = Z 8k<70§k
k ©)

which may therefore be easily integrated to give the
approximate energy of the filament Eapprox(m. We imple-

mented a routine to calculate E (K) using the computer

‘approx
algebra system Mathematica.”* The details of this calculation
are tedious (though straightforward) and do not provide
additional insight, so we do not present them here.

2.4. Geodesic Models. As discussed in section 3, the
small-angle approximation used to obtain an analytical
expression for the integral of the energy density in the
spline-based model can lead to biased filament configurations
that are highly inaccurate when the deformations are large. To
address this issue, we next present a so-called “geodesic” model
which avoids making the small-angle approximation and
produces approximately correct filament configurations even
for large deformations.

In the geodesic model, we adopt the axis-angle para-
metrization for the rotation tensor Q, rather than the Euler
angle parametrization used above. In the axis-angle para-
metrization Q(u, 0) represents a rotation about the unit vector
u by the angle 6. The Rodrigues formula expresses the tensor
in terms of u and 0 as

Q(u, 0) = cos(0)(E — u ® u) + sin(0) skew(u)

+u®u (10)

where E is the 3 X 3 identity matrix, the skew operation returns
the skew-symmetric matrix associated with the unit vector u
(and is the inverse of the ax operation), and ® denotes the
outer (dyadic) product.®® Q(u, #) can also be represented
using matrix exponentiation as

Q(u, 0) = exp(skew(6u)) (11)

This representation makes evident the connection between the
orthogonal tensor Q, a member of the Lie group SO(3), and
the skew-symmetric tensor skew(Ou), a member of the
associated Lie algebra 50(3).°> The transpose Q'(u, ) can
be obtained as Q' (u, 8) = Q(u, —0).

We again use Ny knot coordinates to discretize the filament
into Nj — 1 segments. At every knot coordinate §; a rotation
tensor Q; is parametrized with free model parameters u* and
0. To enforce normalization, we represent u’* in polar
coordinates using the polar and azimuthal angles, > and 7/,
respectively. Thus, the collection of angles 6% A, and y™*
parametrize Q; at ;. On the ith segment (where 5; <5 <5;,),
the rotation tensor Q(q) is taken to be the geodesic curve on
the manifold SO(3) which connects the two tensors Q; and
Q,,, where q(5;5,5,,1) = (s — §;) /L, is the local segment variable
as in the spline-based model. The geodesic curve depends on
the metric D used to define distances in SO(3), and we use the
metric

D(QAI QB) = |6A,B| (12)
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where 0,5 is the angle in the axis-angle parametrization of the
tensor QzQ} rotating Q, to Q3. It can be shown that the
geodesic curve Q(q) connecting Q; and Q;,; using this metric
is

Q(q) = exp(qIn(Q,,,Q))Q, (13)

where In is the matrix logarithm.67’68 As described in the
Supporting Information, section 2.2 this curve can then be
expressed in terms of the free model parameters 6%, 5, ¥,
0%, B, and y&). The global tensor curve Q(5) is given
piecewise by Q;(5) on the N — 1 segments.

To represent the backbone curve r(5) in the geodesic model,
we write its derivative with respect to § in the local director

triad basis d,:

dr(s)
=

L84, (6) ”

where summation over repeated indices is implied. Here we
treat the components (,(5) as constants on each segment, i..
$a(8) = {i for 5, <5 < 5, although this assumption could be
relaxed. The piecewise constant components ;, are additional
free model parameters. We refer to the model where {; , are all
independent as the “geodesic Cosserat” (GC) model. We can
also optionally set {;; = {;, = 0 on all segments, implying that
dr/ds is everywhere parallel to d;(3) such that there is zero
shear on the filament. The filament is still extensible, since {;;
# 0, so this model is referred to as the “geodesic extensible
Kirchoff” (GEK) model. To obtain the backbone curve r(s),
we integrate dr/ds from the minus-end position of the filament
ro = r(3 = 0), as shown in the Supporting Information, section
2.2. The initial point r, is the final free parameter in the GC
and GEK models. We note that the filament energy E(K) will
not depend on r, due to translation invariance, but external
potentials E,,(K) such as cross-linkers bound to the filament
will depend on r,. For the GC model, there are 6N} elements
in K, while for the GEK model there 4N, + 2.

A significant benefit of the geodesic parametrization of r(5)
and Q(5) is that it allows the energy density to be analytically
integrated along the length of the filament to give an exact
expression for the total filament energy E(K). We describe the
derivation of this expression in the Supporting Informa-
tion, section 2.3. As an intuitive picture, the geodesic curves
used in this model can be thought of as representing a “linear”
interpolation between rotation tensors in their natural
mathematical space, and they are therefore expected to be a
useful tool for parametrizing how several free rotation tensors
are connected together.

2.5. MEDYAN Model. For comparison, we describe here
the original zero-width mechanical model used in the
simulation platform MEDYAN.'® This model has no allowed
shearing or twisting, although excluded volume repulsion is
included between filaments using a finite effective filament
radius.'” The energy in this model does allow for stretching
and bending. The filament is again discretized into N, knot
coordinates and N — 1 segments. Each segment is a straight
line with a current length L; = s,; — s; and a reference length
L, =5, — 5. The stretching energy on each segment is a
quadratic function of these lengths:

S ~
EiStretCh — #(Ll _ Li)l
2L, (15)
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The segment acts like a spring with spring constant S; ;/ ii. At
each internal knot coordinate there is a bending potential
involving the angle G%rEID between the ith and (i + 1)th
segment:

B
= 21 o)
L; (16)

where i = 1, .., N, — 2. We show in the Supporting
Information, section 2.3 that this expression for the bending
energy can be obtained as a special case of the GC model
bending energy. In the MEDYAN model, the knot points 7; are
the only free parameters, and the backbone curve r(5) is a
linear interpolation between these points. There are thus 3Ny
elements in K for this model.

2.6. Dynamical Model. We also briefly describe for
comparison the dynamical model of a filament developed by
Gazzola et al. in ref 36. Rather than directly seeking
equilibrated configurations of the filament, the dynamical
approach propagates the filament’s configuration forward in
time using discretized equations of motion based on the forces
and torques in the filament. Propagating the configuration
forward for long times with dissipation will cause the filament
to converge to its equilibrated configuration under some
external loads. The filament in this model is discretized into
N, — 1 linear segments which, when N, is large, allows for a
good approximation to any arbitrary filament backbone
configuration. In our use here, we take N, > N, so there
are far fewer degrees of freedom in the variational models than
in the dynamical model. The backbone r,(t) is specified at each
of the N, coordinates, and the rotation tensor Q,(t) is specified
on each of the N, — 1 segments. These quantities are updated
in discrete time steps Ot using a second-order velocity Verlet
integrator scheme. The equations of motion correspond to an
isotropic energy function given by the top row of terms in eq S.
For fine spatial and temporal discretization this model has been
shown to be very expressive, capturing a range of realistic
filament behaviors, and we use it in this paper as the “ground
truth” to which our computationally accelerated variational
models can be compared to assess their accuracy. We refer the
reader to ref 36 for details of this model, and to the follow-up
paper, ref 1, in which extensions to this dynamical model are
developed to treat multiple spatial scales simultaneously.

2.7. Binding to Surface. In one-dimensional filament
models like the original MEDYAN model, external loads such
as bound cross-linkers on the filament are attached directly to
the filament backbone. In the new models presented above, the
filament has a finite width, and external loads may attach to the
surface of the filament, exerting shearing and twisting forces.
This introduces an extra degree of freedom at the attached arc-
length coordinate 3° corresponding to the position on the
perimeter of the filament’s cross-section at 5” to which the load
is attached. This cross-section is spanned by the vectors d, ()
and d,(5°), and the one-dimensional position on the perimeter
of the cross-section can be parametrlzed by the polar angle ¢®
with respect to the local d, (s?) axis. For a circular cross section,
the position of the attached load is given by

= 1(8") + R(cos(¢")d,(3°) + sin(¢")d,(3")) (17)

where R is the filament radius. This position therefore couples
not just to the backbone r(s*) but also to the local rotation
tensor Q(3*) through d,(3) = Q(3)d,. This binding of an
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attached linker to the local perimeter of the filament cross-
section is illustrated in Figure 2.

Figure 2. Cross-section of a filament with a bound cross-linker is
shown. The cross-linker is visualized in purple and the local director
triad is visualized as a set of colored vectors. The angle ¢#° and bound
position r* appearing in eq 17 are also illustrated.

In simulation packages like MEDYAN, filament binding
reactions occur stochastically according to local chemical
propensities. During a simulated binding event, the angle ¢"
could be chosen in several ways, which we describe in the
Supporting Information, section 2.4. For example, to provide
additional biological realism one could fix ¢ for the possible
binding sites to lie along a helix which wraps around the
filament. In this way, the helical microstructure of actin could
be encoded into the available binding sites.

3. RESULTS

Here we present both validation and application results using
the models described above. Model validation is done by
comparing the equilibrated filament configurations for different
test cases to the finely discretized dynamical model of Gazzola
et al, which we take to be the ground truth.*® The results
indicate that under small applied loads all models agree well,
but for larger applied loads the geodesic models, which avoid
the small-angle approximation, perform significantly better
than the spline-based models which exhibit systematic bias. In
the Supporting Information, section 1.1, we show that the
geodesic models also better reproduce the theoretical
predictions of Euler buckling compared to the spline-based
models. The original zero-width MEDYAN model also
produces systematically unbiased rod configurations under
large deformations but does not allow for finite filament
widths. Next, to demonstrate a novel application of the new
finite-width models, we simulate a “chiral bundle,” a group of
seven filaments with nonzero chiral coupling rigidity C;,
interconnected by surface-bound cross-linkers. Pulling verti-
cally on the bundle induces a twist of each filament which,
through the attached cross-linkers, causes the entire bundle
structure to adopt a twisted configuration. Such a structure
may be relevant to the physiological functioning of actin stress
fibers in eukaryotic cells and also demonstrates the possibility
of intrinsic filament chirality propagating up a spatial scale to
break ch1ra1 symmetry in the structure of a cross-linked
bundle.”” Finally, we demonstrate the feasibility of using the
geodesic model to study network-level cytoskeletal dynamics
by implementing it into MEDYAN.

3.1. Model Comparisons. To assess the accuracy of the
spline-based and geodesic models introduced above, we
compare their equilibrated configurations to the steady state
configuration of the finely discretized dynamical model with
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dissipation. Five models are compared against the dynamical
model: the Bézier spline-based model with a first order small-
angle expansion (“B, m = 1”), the Bézier spline-based model
with a second order small-angle expansion (“B, m = 2”), the
geodesic extensible Kirchoff model (GEK), the geodesic
Cosserat model (GC), and the original MEDYAN model. To
quantify the difference between the equilibrated configurations,
we use two similarity measures. The first, C,, measures the
root-mean-squared distance between the backbone curves of
two filaments A and B:

i 5 1/2
C(r"(9), (%)) = (ﬁ_l fo [EAORFEOIS
(18)

where [l denotes the vector norm. The second similarity
measure, Cy, is introduced to measure the average difference in
the vectors d5(5) and d5(5) along the reference arc-length:

L
Claf@, af) =L [T - @B e
Both C, and C, are evaluated numerically using a large number
of sample points.

Three test cases, labeled (A), (B), and (C) in Figure 3 were
used to assess the models’ accuracy. The deformation in each
test case is in a 2D plane so that the configurations can be
easily visualized. In test case (A), a 500 nm-long filament is
pulled by four springs in opposing directions, while in test
cases (B) and (C), a 100 nm long filament is pulled by three
springs. Test cases (B) and (C) are distinguished by the
strength of the pulling such that the springs in test case (C) are
much more stretched than those in (B), causing a greater
filament deformation. The filaments in each test case are
modeled as isotropic (with the coupling matrix elements C, 4
in eq S set to zero), and the springs attach directly to the
filament backbone. This is done to allow comparison with the
original MEDYAN model and the dynamical model
implementations, which do not currently support anisotropic
filaments or surface-bound cross-linkers. The details of the set
up for these test cases are described in the Supporting
Information, section 1.2.

For the three test cases, we generally observed that the
closest agreement with the dynamical solution was obtained by
the geodesic models; however, for the small deformations in
test case (B) all models agree well with each other (see
Table 1). This indicates the sufficiency of the small-angle
approximation for small applied loads. For large loads, the
spline-based models have systematically smaller deformations
than the geodesic and dynamical models, which is a major
shortcoming. The original MEDYAN model does not exhibit
this systematic error, though it is less precise due to its linear
segment shapes. The difference between the GEK and GC
models is negligible for all test cases, resulting from the high
shearing modulus of actin; the extra degrees of freedom in the
GC model should still be useful for modeling other types of
filaments. Both geodesic models agree very well with the
dynamical solution, with only slight differences in shape even
for large applied loads. Minimizing the geodesic models to
obtain the equilibrated configurations takes on the order of
seconds of computational time; however, whereas propagating
the finely discretized dynamical model until it is equilibrated
takes on the order of days. We display in the Supporting
Information, section 1.4 the profile of shearing, extensional,
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Figure 3. A comparison of the variational and dynamical models is
shown. (A) The equilibrated backbone curve, projected onto the
x-axis, for the five variational models and the dynamical model is
shown in the bottom plot, colored according to the legend. This panel
corresponds to the first test case described in the main text. The five
knot points of the variational models are shown as solid circles
through which the curves pass. The black arrows attached to the
dynamical solution’s curve indicate the attachment point and
direction of the bound cross-linkers, and the arrow lengths are
proportional to the x coordinate of the cross-linkers’ other ends. (B)
(respectively (C)) This panel is the same as panel (A), except it
applies to the second (respectively third) test case described in the
main text. We note that the GEK model curve is closely matched by
the GC model curve and is hidden behind it in these graphs.

bending, and twisting strain for the variational models along
the length of the equilibrated filament for the third test case.
We also show in the Supporting Information, section 1.3 the
computational timing of the variational models along with their
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Table 1. Difference Metrics C, and C; between Each Model
and the Dynamical Model for the Three Test Cases in
Figure 3

s metric Bm=1 B m=2 GEK GC MEDYAN
(A) C, (nm) 18.40 13.05 3.89 3.86 9.16
Cy 0.041 0.022 0.008 0.008 none
(B)  C, (am) 1.06 0.39 0.30 0.28 023
Cy 0.001 0.000 0.000 0.000 none
(©) C, (nm) 6.31 2.69 0.84 0.80 0.93
Cy 0.036 0.011 0.000 0.001 none

accuracy as Ny is varied. Finally, we show in Table 2 the
equilibrated filament and spring energies for each test case. We
see that in each case the dynamical model achieves the smallest
total energy of all models, which we might expect due to its
comparative lack of restrictions on the filament configuration.
However, the agreement in energy between the geodesic
models and the dynamical model is excellent. Although in
these test cases the difference between the GEK and GC
models is small, we expect that in the context of real
cytoskeletal networks, where molecular motors and branching
molecules bind to the surfaces of filaments, the shearing
degrees of freedom in the GC will be important. Such bound
molecules can produce localized shearing forces which would
not be resolved in the GEK model.

3.2. Bundle Study. Here we apply the new variational
models to explore the induced chirality of a bundle of cross-
linked actin filaments. The intuition underlying this study is
based on actin stress fibers, which are bundles comprising
~7-=20 filaments under significant tensile stress that transmit
cell-wide forces during processes like cell migration.””" The
chiral coupling between axial stretching and filament twisting,
captured by the C;; parameter, opens the possibility that the
filaments in a stress fiber also experience significant torsion
under axial stress. We hypothesize that, due to the finite width
of the actin filaments, this torsion will move the attached point
of the bound cross-linker protein which will in turn pull on the
other filaments to which it is bound. This will cause the
peripheral filaments to tilt with respect to the central filament,
such that the entire bundle structure acquires a helical pitch
due to the applied tension, the twist-stretch coupling, and the
bound cross-linkers.

To explore this possible effect, we simulated seven filaments,
each 500 nm long and 7 nm in diameter, in a bundle connected

by three sets of cross-linkers attached in a spoke and rim
pattern, as visualized in Figure 4A,B,C. Each filament

T F

(A)

(©)

500 nm

(D)

Figure 4. Structural details of the chiral bundle simulation are shown.
(A) A side-on view is shown of a bundle of seven filaments. Each
filament is 500 nm long, lies along the z-axis, and has 3 sets of cross-
linkers (shown in green) attached at its ends and midpoints to each of
its neighboring filaments. A constant force F is applied to each
filament at both ends, causing each filament to undergo a twist due to
the twist-stretch coupling when C; ; # 0 pN nm. (B) A top-down view
of the same bundle is shown, illustrating more clearly the rotation of
the outer filaments around the central filament. The resting length of
the cross-linkers is h. Red and blue wedges are drawn to illustrate the
outer and inner angles 8, and 6, describing the bundle’s twist. It is
shown how the steric penalty (g4 # 0) can cause 6] =~ 10,
(C) Without the steric penalty, the filaments tend to move inward
rather than tilt and bend around the central filament, such that 18] >
10,] ~ 0. (D) An illustration is shown of the unit vectors pand ¥ used
in the definition of the steric interaction energy, eq 21.

represented using the B, m = 1 model with three knot points.
Despite its less accurate performance under large applied loads
(as shown in Figure 3), this model was observed to be

Table 2. Equilibrated Filament Energies E, External Energies from Bound Linkers E_, and Total Energy E, for the Three

Test Cases in Figure 3 (All Units pN nm)

case energy Bm=1 Bm =2
E 6458 10179
(A) Eex 104 842 81320
E,o 111 300 91499
E 712 900
(B) Ee 4423 411S
E 5135 5015
E 3895 6966
(©) E 95 747 87 669
E 99 642 94 635
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GEK GC MEDYAN dynamic
6351 6365 3986 6806
66038 65978 65531 60 024
72389 72 343 69517 66 830
936 940 935 980
4068 4056 4065 3961
5004 4996 5000 4941
8689 8689 8160 9099
84076 83990 84792 82989
92765 92679 92952 92088
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Figure S. Results from the chiral bundle simulation are shown. (A) Plot of the inner (blue) and outer (green) rotation magnitude per unit length,
measured in radians per nanometer, as the force F is varied. The black arrow indicates the value of F used when the other parameters are varied, and
similarly for the arrows in the other plots. The black dashed lines show the linear response around F = 0 pN. (B) Plot of the inner and outer y as
€ oric is varied. (C) Plot of the inner and outer y as h is varied. The dashed line and shaded area indicate the mean and standard deviation of 100
realizations of randomly placing three cross-liners between the pairs of filaments, rather than attaching them at the ends and filament midpoint.
(D) Plot of the inner and outer y as C; 5 is varied. (E) Plot of the inner and outer y as ky, is varied. (F) Plot of the relative extension L/LasFis
varied for two values of the coupling parameter Cj;. The inset is a blow-up around F = 0 pN showing the crossover behavior.

consistent with other models tested for this study, and we use
it here because it produced the cleanest trends due to its easily
minimized energy function. The axial tension of a stress fiber
was modeled by applying a constant z-direction force F in
opposite directions to both ends of every filament in the
bundle. The attached cross-linkers have a stretching energy
given by

E _ klinker
linker —

2
(I-h) (20)
where [ is the cross-linker’s instantaneous length and F is its
rest length. With only this energy included, the peripheral
filaments in the bundle tend to twist under tension and move
inward toward the bundle center, allowing the lengths of the
cross-linkers to achieve their rest lengths without causing the
filaments to tilt (see Figure 4C). Certain actin binding proteins
such as Arp2/3 are known to form relatively rigid angles with
respect to the actin filament.”” To account for this possibility,
we also include a steric interaction which penalizes cross-linker
orientations deviating from the local surface normal of the
filament, with an energy given by

Egeric = 6‘steric(l - lA’ff’l) (21)
where the unit vector ¥; denotes the local surface normal and ¥
denotes the unit vector pointing along the cross-linker’s length
from the local attachment point (see Figure 4D for an
illustration of these vectors). This steric geometric penalty has
the effect that the bundle is less compressible, such that
filaments are less able to move toward the bundle center and
will instead tend to tilt and rotate to satisfy the linker length
penalty. The adjustable parameters of this setup are F, Cj3,
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Egtericr Kiinke and 1. We independently varied these parameters
one at a time, holding the other parameters at their default
values of F = 100 pN, C;; = 10° pN nm, &;.;c = S00 pN nm,
Kjnker = 10 pN/nm, and h = 8 nm.

We distinguish between the inner and the outer rotation of
the bundle under tension. The inner rotation 6, is the angle
through which the central filament is twisted from its minus
end to its plus end, and we define y; = 6]/ L as the rotation per
unit length. To measure the tilting of the peripheral filaments
around the central filament, we define the outer rotation 6, as a
function of the distance dr by which a given outer filament’s
end points are separated from each other when projected to
the xy-plane. If the distance from a peripheral filament’s end
point to the central filament’s end point (i.e., the radius of the
bundle) is a, then the outer rotation angle is defined as
0, = arccos(1 — (6r)%/2a%), given per unit length as 7, = 10,1/L
(see Figure 4B for an illustration of these angles). The inner
rotation |6, will always be greater than or equal to 16,], and if
the cross-linkers perfectly transmit the rotation of the filaments
into the tilting of the outer ring, then 18] = 16,|.

Several notable trends are observed in this study, displayed
in Figure S. First, we find a transition from a linear dependence
of both ¥, and y; on F to sublinear dependence, at which point
the outer and inner rotations also begin to separate from each
other so that y; > y, (Figure SA). This behavior is also
symmetric about F = 0, with compression inducing twisting in
an approximately equal but opposite amount to stretching for
small loads. These observations qualitatively agree with the
intuition of linear response for small disturbances transitioning
to nonlinear response for large disturbances. We also find a
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Figure 6. A visualization of a contractile actomyosin network from a MEDYAN simulation is shown, in which actin filaments are drawn as red-
orange-yellow tubes, myosin minifilaments are shown as blue cylinders, and a@-actinin cross-linkers are shown as green cylinders. The color of the
actin filament segments ranges from red to yellow in proportion to the magnitude of the local twisting strain Ik;l. The left panel shows a blow-up of
a region of the full network in which additional detail of the surface-bound minifilaments and cross-linkers can be seen. The director triads, which
are defined at every point on the actin filaments, are visualized as periodically spaced red, green, and blue arrows. The orange spheres represent the
knot coordinate points, and the black box represents the simulation boundary. The snapshot is taken after 150 s of simulated time.

transition from linear to superlinear dependence on Cj,
(Figure SD).

Second, we find a strong nonlinear dependence of y, and y;
on &y reminiscent of a second-order phase transition
(Figure SB).”" Below an apparent threshold around &
0.1 pN nm the applied force rotates the central filament by a
fixed amount and the peripheral filaments rotate and move
inward to satisfy the cross-linker length energy penalty. Above
this threshold, and in a continuous manner, the steric penalty
causes the filaments to tilt and bend rather than move inward
to satisfy the cross-linker length penalty, causing y, to increase
and y; to decrease. Above an upper threshold around &g,
100 pN nm this trend saturates, and only small, though
interestingly nonmonotonic, changes are observed in y; and ¥,
which now roughly coincide. Similar behavior is found for the
dependence on ky., although the outer rotation below the
lower transition threshold ~0.01 pN/nm is constant at a finite
value, not zero, implying that the steric penalty alone can cause
outer rotation of the bundle (Figure SE).

Third, we find that as the cross-linker resting length h is
increased, both y, and ¥, monotonically decrease, and y; grows
relative to y, suggesting less effective transduction of inner
rotation to outer rotation for large linker lengths (Figure SC).
We also tested the effect of randomly placing the cross-linkers
between the filaments rather than at the ends and midpoint of
the filaments, controlling for the number of cross-linkers
between each pair. For each value of h, we sampled 100
realizations of cross-linker positions with uniform probability
along the filament lengths. We expected that the ordered (but
statistically unlikely) arrangement of cross-linkers enhances the
transduction of inner to outer rotation because the forces
throughout the bundle are highly coordinated. The rare
configuration with ordered cross-linkers is indeed more
effective at causing outer rotation than the typical random
configuration, as shown by the dotted lines in Figure SC which
have larger y; and smaller y, for all h.

Finally, we tested how the mechanical coupling between
twisting and stretching affected the force—extension curve of
the bundle, shown in Figure 5.F. The equilibrated length L of
the central filament was measured as a function of the pulling
force and divided by its initial value L = 500 nm to give the

~
~

~
~
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relative extension. We found that a nonzero C,; allows for
greater extension and greater compression for a given force F.
For C;; = 0 pN nm the force—extension curve is perfectly
linear, while for C;; # 0 pN nm it smoothly interpolates
between an asymptotically linear regime for F > 0 pN and a
nonlinear crossing regime around the point C;; = 0 pN nm,
F=0pN.

3.3. MEDYAN Implementation. As a final application, we
implemented the GC model into MEDYAN.'® This
implementation consists of several new modeling choices,
which we describe in detail in the Supporting Information, sec-
tion 2.4. These new modeling choices have to do with allowing
for chemical reactions, such as cross-linkers and molecular
motors binding to filaments and filament polymerization and
depolymerization reactions, using the new filament mechanical
model presented in this paper. These additional chemical
considerations, which allow the current mechanical model to
be incorporated in a versatile active matter simulation
platform, should significantly expand the model’s usefulness
in studying cytoskeletal dynamics.

In Figure 6 we show a snapshot from a MEDYAN
simulation, in which an actomyosin network comprising
physiological concentrations of actin, myosin (nonmuscle
myosin IIA), and cross-linkers (a-actinin) has undergone a
network-wide contraction away from the simulation bounda-
ries. This motor-driven contraction is in keeping with well-
documented behavior of actomyosin networks at these
concentrations.'”'®’> The key point is that the network in
Figure 6 has binding molecules attached to the surfaces of the
actin filaments rather than their backbones, allowing for
network-level shearing and twisting forces, filament rotational
dynamics, and chiral phenomenon to be studied in silico. The
filament segments are colored according the local twisting
strain k;, illustrating that torsional mechanics can now be
modeled in self-organizing networks. We report here only the
teasibility of implementing the GC model into a network-level
simulation platform like MEDYAN, rather than any trends
observed using this implementation which we plan to explore
in future works.
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4. DISCUSSION

An important physical feature currently missing from large-
scale mechanochemical simulations of cytoskeletal networks is
the finite width of the filaments. This precludes studying effects
in which filaments can rotate or shear in response to forces in
the network, arising for instance from bound molecular motors
or polymerization against a boundary. To address this, we have
presented in this paper a set of options for parametrizing the
configurations of filaments with finite widths in a computa-
tionally efficient way, requiring only a small number of free
model parameters. We focused here on variational models, in
which we explore functional forms for a filament’s mechanical
degrees of freedom in order to efficiently find their equilibrated
configurations. We introduced two main classes of functional
forms: one in which a sequence of splines is used to
parametrize the filament configuration, and one in which a
sequence of geodesic curves in the space of orthogonal rotation
tensors is used. In the spline-based approach, the intractable
expressions for the strain components necessitated a small-
angle expansion of the energy function. This was not necessary
in the geodesic approach due to simplifications in the
expressions of the strain components arising from the geodesic
curve parametrization. This small-angle approximation is
commonly made in treatments of elastic rods, but is shown
here to give rise to significant deviations from expected
behavior under large applied loads.’®”* By avoiding the small-
angle approximation, the geodesic approach showed close
agreement even under large applied loads when compared with
accurate yet computationally expensive dynamical simulations,
whereas the spline-based approach exhibited systematically
smaller deformations compared to the dynamical solution.
This systematic error may also be partly explained by
examining the S-profiles of the strain components in the
various models, as discussed in the Supporting Informa-
tion, section 1.4.

One practical concern in implementing the various func-
tional forms introduced here is the associated computational
cost of evaluating the filament position and energy and of
numerically minimizing the energy. A related issue of these
models is their locality, or the dependence of local quantities
on either only “nearby” parameters of the model rather than on
almost all parameters of the model. For instance, in the spline-
based models smoothness is enforced by relating the control
points of later segments to those of earlier segments. This
causes the expression for the position on segment i to depend
on all parameters up to that segment, so that the complexity of
the model grows faster than linearly with the number of knot
points. It should be possible to use B-splines to alleviate this
nonlocality in future developments.””* Nonlocality is more
inherent in the geodesic model, arising from the expression of
the backbone curve r(3) as an integral up to 3 of the tangent
dr/ds. While closed form solutions for this integral are
straightforwardly obtained (see the Supporting Information),
there is no way to avoid this dependence of the position on
segment i on the parameters up to segment i. However,
measurements of the time taken to evaluate the energy
function as N is varied for each model show that the geodesic
models can be more computationally efficient than the spline-
based model, as discussed in the Supporting Information,
section 1.3.

Various extensions to the models presented here are
possible. For the spline-based models, it was mentioned that
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B-splines may be used to improve locality, and exponential
splines could also be used to increase expressivity by allowing
for both polynomial and exponential contributions to the
filament functional form.>*~°' One could also mix the geodesic
and spline-based approaches. For instance, in the geodesic
models one can relax the constraint that the components ¢,(3)
of dr/ds are constant on the segments; {,(5) could instead be a
spline function in § on the segment and the energy terms
involving {,(3) could still be found exactly (see the Supporting
Information, section 2.2). Other functional forms not
considered here could also be investigated. Rather than using
splines to parametrize the Euler angles of Q, splines could be
used to parametrize curves of quaternions or other
representations for Q.”* In principle one could also allow the
knot coordinates §; to become free model parameters, so that
the segment lengths are adjustable during minimization.
Additionally, one may use the functional forms presented
here but adopt a dynamical, rather than variational, approach
to study filament mechanics. Considering the free model
parameters of these functional forms to be generalized
mechanical coordinates, one could derive equations of motion
giving the time evolution of the filament’s configuration using
Hamiltonian or Langevin dynamics.”*’® This can offer a way to
endow a filament with all mechanical degrees of freedom of the
Cosserat model in time integration-based simulations of
semiflexible polymer networks, while preserving the computa-
tional efficiency of tracking only a handful of free model
parameters.">~" Finally, our work is based on the Cosserat
theory of elastic rods which is more general than the Kirchoff
theory, but less general than the theory of Green and Naghdi
which allows in-plane shearing of the rod’s cross sections.”””®
Accommodating in-plane shearing deformations considerably
complicates the mathematics by introducing nonorthogonal
local directors, and we expect that it contributes only minor
corrections to the dynamics of filaments like actin. However,
future works may apply this more general approach to study
biopolymer mechanics.

In this paper, we have considered a coarse-grained
representation of an actin filament which has a constant
circular cross-section and lacks monomer-level resolution. In
the accompanying paper, ref 1, we describe a finer-grained
monomer-level model of an actin filament that preserves the
helical filament microstructure, and we develop a method for
smoothly connecting the monomeric model to the constant
cross-section model presented here. This multiresolution
modeling approach allows for fine control over the trade-off
between biological detail and computational expense. In ref 1
we also discuss in detail issues of parametrization, which was
treated only briefly here (see Supporting Information, section
2.1), as well as validations of these models using direct
comparison to experimental measurements of actin filament
configurations. Therefore, while some important chemical
detail has been omitted in the present paper, we discuss in ref 1
how this detail can be built back into the model in a systematic
manner.

An exciting future application of efficient computational
models of finite-width filaments will be to investigate emergent
chiral symmetry breaking in active, self-organizing cytoskeletal
networks. Our simulation of a chiral filament bundle can be
viewed as a preliminary investigation into this topic, showing
that chirality in the mechanical compliance of individual finite-
width filaments (as encoded in the parameter C;;) can give
rise through surface-bound cross-linkers to chiral rotation of a
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multifilament bundle. Other mechanisms by which broken
chiral symmetry can propagate to larger spatial scales may be
studied in more complete simulations of motorized cytoske-
letal networks, for instance using the new version of MEDYAN
augmented to use a Cosserat model for filaments, which was
presented in this paper.'® In addition, such network-level
simulations could explore the effect of cofilin on cytoskeletal
dynamics. It has been shown that cofilin molecules bind
cooperatively to actin filaments and induce a torsional strain
that leads to filament severing.”>”* This nontrivial mechanical
effect could be realistically accounted for in simulation using
the finite-width models presented here.
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